In this paper, we studied the full Einstein-Hilbert actions with respect to non-symmetric metrics and the corresponding torsion. The first concrete result in this paper are the general formulae for pressure and density with respect to the Madsen's article the equation (3.1), in [10] . Based on these results, we obtained the expression of energy-momentum tensor with respect to non-symmetric metrics. We started the generalization of the Bianchi type-I model of cosmology with respect to the corresponding non-symmetric metrics.
Einstein's theory of general relativity defines equations for gravity. It is a system of non-linear partial differential equations of up to second order for the components g ij of the spacetime metric tensorĝ see [3] . They determine the structure of spacetime in a covariant and coordinateindependent way. This statement agrees with the first idea that the laws of physics must be expressed in a form that is valid independently of any coordinate system. Very important fact is that the use of geometry provides important additional insights by which much information can be gained from Einstein's equations in a systematic way. Spacetime itself is equipped with a pseudo-Riemannian structure and encodes gravity (gravitational field) in a geometrical way. Consequently, geometry (or more precisely differential geometry) provides means to understand the structure of the spacetime itself.
Motivation
Note that Einstein's gravity is (appropriately) described by the pseudo-Riemann geometry which is torsion-free. The spacetime metric represents the gravitational field. The connections are given by the Christoffel symbol compatible with the metric structure.
Allowing spacetime to have non-zero torsion, which arise naturally in generalized gauge theories of gravity and in string theory, we can analyze cosmological models with a such geometry. We will consider an action of the generalized Einstein-Hilbert-like form constructed for non-zero torsion case.
In this paper we investigate cosmological aspects of spacetime with torsion and discuss modified expressions obtained involving torsion in general relativity. We will not discuss extended Einstein's general relativity which includes spin, i.e. Einstein-Cartan-Kibble-Sciama theory of gravity [4, 5] . We will discuss a model with (dominant) cosmological perfect fluid described in the usual way. This perfect cosmological fluid naturally arises as a consequence of non-zero torsion.
This paper is composed of the introduction and the following sections:
-In the second section, we will recall the necessary results from differential geometry.
-In the third section, we will generalize the energy-momentum tensor. This part will start with the expression of the energy-momentum tensor from the Madsen's article [10] . After that, we will consider 4-dimensional spacetimes equipped with different non-symmetric metrics.
-In the fourth section, we will apply the obtained general results to study the Friedmann spacetime the Bianchi type-I spacetime with torsion. Precisely, we will consider the energymomentum tensor with respect to special non-symmetric metrics.
Necessary observations from differential geometry
Different Riemannian and generalized Riemannian spaces have been studied by a lot of authors. Some of them are L. P. Eisenhart [8, 9] , M. Blau [6] , M. S. Madsen [10] , V. N. Ponomarev, A. O. Barvinsky, Y. N. Obukhov [15] , N. S. Sinyukov [17] , J. Mikeš and his research team [11] , Lj. S. Velimirović, S. M. Minčić, M. S. Stanković [18, 19] and many others. S. M. Minčić [12] [13] [14] obtained curvature tensors for non-symmetric affine connection spaces (the affine connection spaces with torsion). Because the generalized Riemannian spaces are special non-symmetric affine connection spaces, these results will be useful in this article.
Riemannian and generalized Riemannian spaces
Let us present definitions and observations necessary for further research in this paper.
Definition 2.1. [8, 9] An N -dimensional manifold M N equipped with the non-symmetric metric tensorĝ with the components g ij = g ij (x 0 , . . . , x N −1 ) is the generalized Riemannian space G g R N .
Because the tensorĝ is non-symmetric, the symmetric and anti-symmetric part of the components g ij are
It evidently holds the equality
We guess that the matrix g ij N ×N is non-singular, i.e. g = det g ij N ×N = 0. For this reason, the contravariant metric is the inverse matrix
The generalized Christoffel symbols of the first kind of the space G g R N are
The affine connection coefficients of the space G g R N are the generalized Christoffel symbols of the second kind
One may easily check that it holds Γ i jk = Γ i kj . For this reason, the symmetric and antisymmetric parts of the affine connection coefficient Γ i jk are
The differences Remark 2.1. The affine connection ∇ of an affine connection space is the bilinear transformation of the set of differentiable vector spaces on a manifold M. With respect to the affine connections with or without torsion, the corresponding covariant derivatives are defined.
In the case of the geometrical objects X It is easy to prove that it is satisfied the following equations
Moreover, the following expressions also hold
Similarly as in the case of the symmetric and anti-symmetric part of metric tensor, we get
. Moreover, with respect to the definition of the generalized Riemannian space [8, 9] ), it holds
The affine connection space equipped with the affine connection which affine connection coefficients are Γ i jk is the Riemannian space g R N and it is called the associated space of the space
With respect to the affine connection of the associated space g R N , one kind of covariant derivative is defined as (see [8, 9, 11, 17] 
The components of the Ricci-curvature tensor and scalar curvature for the space
With respect to the affine connection g ∇ of the generalized Riemannian space G g R N , four kinds of the covariant derivative are defined [12] [13] [14] 
Based on these covariant derivatives, four curvature tensors, eight derived curvature tensors and fifteen curvature pseudotensors are obtained [12] [13] [14] .
In this paper, we will deal with the lagrangian obtained with respect to the curvature and derived curvature tensors. The components of the curvature tensors and the derived curvature tensors for the space G g R N are elements of the family [20] 
Six of the curvature tensors in the family (2.15) are linearly independent, for example
The components of the corresponding Ricci-curvature tensors of the space
(2.23)
Three of them, for instance
, are linearly independent.
The corresponding scalar curvatures of the space
Two of the scalar curvatures, e.g.
In our research about physics, we will stay focused on the generalized Riemannian space G g R 4 equipped with the metric tensor
for differentiable functions s 1 (t), s 2 (t), s 3 (t), n 0 (t), . . . , n 5 (t), depending on the time coordinate t. The variables in the space GR 4 will be x 0 = t and the variables x 1 , x 2 , x 3 are the space variables.
Variations
We will recall the infinitesimal deformations as in [18, 19] in this part of the paper. A necessary rule will be obtained in here.
where ε is an infinitesimal, is the infinitesimal deformation of the space G g R N determined by the vector field z = z(x i ).
A local coordinate system in which the point x is endowed with coordinates x i and the point x with the coordinates x i will be denoted by (s). In another coordinate system (s ′ ), corresponding to the point x = (x i ) new coordinates x i ′ = x i , i.e. as new coordinates x i ′ of the point x = (x i ) we choose old coordinates of the point x = (x i ). In other words, the equalities x = (x i ′ ) = (x i ) are satisfied at the system (s ′ ).
A considered geometric object A with respect to the system (s) at the point x = x i will be denoted as A(s, x).
The point x is said to be deformed point of the point x, if the equation (2.26) holds. Geometrical object A(s, x) is the deformed object A(s, x) with respect to the deformation (2.26), if it holds
for the coordinate systems s and s ′ . The limit
is the (first) variation of the geometric object A(s, x). We may notice A(s, x) = A(s, x) + εδA. Let
be a functional for f , where f ′ (t) = df /dt. If f is varied by adding to it a function δf , and the integrand F (x, f + δf, f ′ + δf ′ ) is expanded in powers of δf , then the change in the value of I to first order in δf is
The function δF/δf (t) is the functional derivative of F with respect to f at the point t. This functional derivative may be computed as
As we may conclude, if values of a function F do not change when we change values of a function f (t), with respect to t, then the functional derivative of F with respect to f vanishes. In other words, if the function F is not expressed as a composition of the function f (t) and some other function g, then the functional derivative δF/δf (x) is equal 0.
With respect to the equation (2.31), we may define the functional derivative of a tensorX with components X is equal zero. Moreover, if the tensorX is not expressed as a composition of the tensorŶ and arbitrary tensorẐ, the functional derivative of the tensorX with respect to the tensorŶ is equal zero.
Theoretical considerations
In this section, we will theoretically consider the Einstein-Hilbert action with torsion and the corresponding energy-momentum tensor.
Four-dimensional spacetime
Let G g R 4 be the generalized Riemannian space equipped with the metric tensor (2.25). The symmetric and anti-symmetric parts of this tensor arê
The contravariant metric tensorĝ −1 with the components g ij iŝ
The generalized Christoffel symbols of the first and the second kind of the space G g R 4 are
The covariant anti-symmetric Christoffel symbols are The corresponding anti-symmetric parts of the generalized Christoffel symbols Γ i jk are
and
, it is enough to obtain the following geometrical objects for further calculations: With respect to the tensorĝ −1 , the above mentioned linearly independent scalars g R 0 , g R and the metric determinant g = s 0 (t)s 1 (t)s 2 (t)s 3 (t), we obtain that the scalar curvature of the space G g R 4 with torsion is see the equations (2.24) and (2.25)
The scalar curvature (3.12) can be used to define the full Einstein-Hilbert action.
Note that the Lagrangian density in [6] is |g| g R. Here, we examine the Lagrangian density in the case of the space with torsion to be |g|
We are aimed to express a term L M describing a dominant cosmological fluid appearing in the model as the function of torsion. The full Lagrangian density of the model takes the form
Remark 3.1. The same effect would be achieved if we get the metriĉ
and the Lagrangian
. Precisely, we guess that the symmetric and anti-symmetric part of the metric g will satisfy the equality g ij = g ij + 2κg ij ∨ in our paper. It is done for the simplifying of the expression through the computation process.
Remark 3.2. We could easily put 2κ = 1. In this way, some researchers may find wrong conclusions. To avoid that, we will analyze the general case with the constant κ.
Lemma 3.1. In the space GR 4 equipped with the metricŝ
is not a function of neither g pq nor ∂ r g pq .
Proof. The following equalities are satisfied:
That means the torsion tensor g T i.jk may be expressed as
for a geometrical object t ijk anti-symmetric in any pair of indices i, j, k and τ ijk = τ kji . For this reason, we get
In this way, we proved that the torsion tensor g T i.jk is totally anti-symmetric.
Assume that the covariant torsion tensorT with the components
jk is a function of some
jk is anti-symmetric in any pair of the indices i, j, k but the geometrical object ∂ r g pq is symmetric in the indices p and q, these indices should be mute (dummy) in the functional correspondence between the objects ∂ r g pq and g T i.jk . That means that it is satisfied the equation
for some geometrical object θ i.jk which is not a function of ∂ j g ik . Because the symmetric metriĉ g in this lemma is diagonal, the first summand in the last equation is not equal zero if and only
it is the trivial function, its functional derivative by any function is equal 0.
Variations of the action
The variation of the action with the Lagrangian density (3. 16) i.e.
Based on the equations (2.6, 2.6'), we conclude that the anti-symmetric part Γ i.jk ∨ is antisymmetric by indices i and j as well as j and k, but it is symmetric by indices i and k.
Let us define the scalar object
jk /δg pq = 0 and g ǫζ = g ζǫ we obtain
Hence, the equation (3.16') is equivalent to
Variation of the action is zero, δS = 0, if and only if
In this way we obtained the set of generalized Einstein equations.
Because there are two linearly independent scalar curvatures of the space G 19) in the case of the lagrangian L = |g|
. The equations (3.18, 3.19) are the linearly independent dynamical equations for metric field with torsion. Any other equation of motion for models with torsion may be expressed as the corresponding linear combination of the equations (3.18, 3.19) .
Components of the corresponding energy-momentum tensor for the cosmological fluid are written on the right side of (3.18)
With respect to the expressions (3.5-3.11), we get
= 0 for i ∈ {1, 2, 3}. Because the matrixĝ −1 is diagonal, the following equation holds
General formulae
The components of the energy-momentum tensor for a non-ideal (cosmological) fluid are [10] g T ij = (
for the components u i of a velocityû, the pressure g p and the density g ρ, as well as the tensor∆ whose components ∆ ij are symmetric in the indices i and j. In the case of an ideal fluid, (3.32) reduces to
(3.33)
From the M. S. Madsen's article [10] , we may read that the energy-momentum tensor for non-ideal fluid is expressed more explicitly as 
If we multiply the last equation with g ij , we will obtain the following results
Bianchi type-I spacetime with torsion
The Bianchi type-I cosmological model is the main subject for our observations in this subsection. This model is characterized by the first square form ds 2 = −dt 2 + s 1 (t) dx 1 2 + s 2 (t) dx 2 2 + s 3 (t) dx 3 2 . (4.12)
All above obtained results may be treated as generalizations of the Bianchi type-I spatetime model with torsion. In this section, we will generalize the Bianchi type-I spatetime model with a bidiagonal metrics.
As we may see from the results above, the components n 0 (t), n 1 (t), n 2 (t) do not affect the action. For this reason, we will pay attention to the following metriĉ The determinant of the matrixb is f = −s 1 (t)s 2 (t)s 3 (t).
We obtain the following values of energy-momentum tensor components in this case: In this part of the paper, we are aimed to consider the Friedmann-Lemaitre-Robertson-Walker cosmological model as a special case of the Bianchi type-I model.
